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Minkowski sums of the bounded twisted cubic

The Minkowski sum of n copies of the bounded twisted cubic is the set:
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Problem (Rubinstein, Sarnak)
Determine t1, . . . , tn given a point in A3,n.

Question (Rubinstein, Sarnak)
How can you efficiently determine whether a point px, y, zq P R3 is an
element of A3,n?

ù use a semi-algebraic description of A3,n (polynomials, “, ď, Y)
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Minkowski sums of the bounded twisted cubic
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The semi-algebraic description

For k, ` ą 0, write

Ak` “ k`pk ` `q
2
ą 0

Bk`px, yq “ 2k`xp2x
2
´ 3pk ` `qyq
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fk`px, y, zq “ Ak` ¨ z
2
` Bk`px, yq ¨ z ` Ck`px, yq
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Then we have A3,n “ X X Y .



Representations of points on the boundary

Let p P R3 be a point on the boundary of A3,n and write
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for some tuple pt1, . . . , tnq P r´1, 1sn.

Theorem
The set tt1, . . . , tnuzt´1, 1u has at most two elements. And, the tuple
pt1, . . . , tnq is unique up to permutation of its entries.



Representations of points on the boundary

Proof.
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Representations of points on the boundary

So the only possiblility is
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for some fixed ´1 ă s ă t ă 1.

These vectors are linearly independent.
ñ k, `, a, b are unique.
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Semi-algebraic descriptions of boundary cells

Theorem
Suppose that k ą `. Then we have
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Thank you for your attention!



References
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