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Minkowski sums of the bounded twisted cubic

The Minkowski sum of n copies of the bounded twisted cubic is the set:

tl tn—l tn

Az =3 |2+ + |2 |+ 2] |-1<t,...,ta<1 } CR®
3 3 3
1 n—1 n

Problem (Rubinstein, Sarnak)
Determine ti, ..., t, given a pointin As .
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Minkowski sums of the bounded twisted cubic

The Minkowski sum of n copies of the bounded twisted cubic is the set:

t1 tn—1 tn

Az =3 |2+ + |2 |+ 2] |-1<t,...,ta<1 } CR®
i i i
1 n—1 n

Problem (Rubinstein, Sarnak)
Determine ti, ..., t, given a pointin As .

Question (Rubinstein, Sarnak)
How can you efficiently determine whether a point (z,y, z) € R? is an
element of A3 ,, ?
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Minkowski sums of the bounded twisted cubic

The Minkowski sum of n copies of the bounded twisted cubic is the set:

tl tn—l tn

Az =3 |2+ + |2 |+ 2] |-1<t,...,ta<1 } CR®
3 3 3
1 n—1 n

Problem (Rubinstein, Sarnak)
Determine ti, ..., t, given a pointin As .

Question (Rubinstein, Sarnak)
How can you efficiently determine whether a point (z,y, z) € R? is an
element of A3 ,, ?

v use a semi-algebraic description of A3, (polynomials, =, <, U)



Minkowski sums of the bounded twisted cubic

(5,5,5)

(—5,0,5)




The semi-algebraic description
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Representations of points on the boundary

Let p € R3 be a point on the boundary of As ,, and write

751 tn
i = ti + -+ tg%
t3 t3
for some tuple (t1,...,t,) € [—1,1]™.

Theorem
The set {t1,...,t,}\{—1,1} has at most two elements. And, the tuple
(t1,...,tn) is unique up to permutation of its entries.
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Proof.
Write
t1 tn S1 Sn
p=(8|+-+[2]|=s2]|+ -+ |52
t:f ti s? si
If |t;| < 1, then (1,2t;,3t2) € T, As .
If |s;| < 1, then (1,2s;,3s2) € T Az -
If #{r,s,t} = 3, then
1 1 1 1 1
2r 2s 2t | = 2 r s t
3r2 352 3¢2 3 r2 §2 2

has full rank.



Representations of points on the boundary
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Representations of points on the boundary

So the only possiblility is

1 1 1 1

n S t —1 1
(p) = k 52 +£ t2 +a (_1)2 +b 12
s3 t3 -1)3 1®

for some fixed —1 < s <t < 1.

These vectors are linearly independent.
=k, ¥, a,b are unique.
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Representations of points on the boundary

Let p € R3 be a point on the boundary of As ,, and write

751 tn
i = ti + -+ tg%
t3 t3
for some tuple (t1,...,t,) € [—1,1]™.

Theorem
The set {t1,...,t,}\{—1,1} has at most two elements. And, the tuple
(t1,...,tn) is unique up to permutation of its entries.
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Theorem
Suppose that k > £. Then we have
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if and only if

‘.%",:% ’Z’ <k+/
kCDye(z,y) < K2(k + £+ )%, 2k + £ — z)?
Ape- 2% + Byi(z,y) - z + Cre(z,y)
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