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The strength of polynomials 2N

Let f be a homogeneous polynomial of degree d > 2 over C.
Definition
The strength of f is the minimal number str(f) := r > 0 such that
f=g1-hi+...4+g - h
with g1, h1, ..., gr, hy homogeneous polynomials of degree < d — 1.
Examples
(0) str(0) =0
(1) str((z? + 2y + 9?) - (u3 +wow +03)) =1
(2) The polynomial
PP+ = roadyytzoz

= (x+iy) - (z—iy)+z-2

(It would be 3 over R)
(3) str(z1-g1+x2-g2+...+Tp-gn) <N

has strength 2.
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Why care about strength? /ﬁ

A coordinate transformation of f € Clzy,...,zy]q is

flenyr + .o+ cim¥Ym, - eyt + oo+ Com¥Ym) € Cly, - - Ymla
Let P be a property of degree-d polynomials such that

f has P & everv coordinate transformation of f has P
Example

P = “has strength < k” for fixed k > 0.

Example (Kazhdan-Ziegler)
P = “all partial derivatives have strength < k” for fixed & > 0.

Theorem (Kazhdan-Ziegler, B-Draisma-Eggermont)
One of the following holds:

(1) Every polynomial has P.

(2) There exists an ¢ > 0 such that f has P = str(f) < ¢.
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Properties of strength N

Qarn: Is {f € Clxy,...,x5]q | str(f) <k} closed?

For k =1, yes. (Union of images of projective morphisms).
For k =2, | don't know. (Conjecture: yes)
For d = 2, yes. (rank of symmetric matrices)

For d = 3, yes. (slice rank of polynomials)
Theorem (Ballico-B-Oneto-Ventura)
The {f € Clz1,...,x,)4 | str(f) < 3} is not closed for n > 0.

Consider

L@ tg) 2 +t) -1/, (u® —tq) (v —tp) — 1/ (ay—wv) (wy +uv)

2’ f +y2g +u’p +v2q +t(fg — pq)

It has strength < 3. For t — 0, we get 22 f + y%g + u’p + v2q.



Strength < 3 is not closed A

Theorem (Ballico-B-Oneto-Ventura)

For n > 0, there are polynomials f,g,p,q € Clz1,. .., zy]2 such
that

22 f + P9 +ulp+v3q € Cla,y, u,v, 21, . . ., Zaa
has strength 4.

Consider the polynomial
hi=2f +y?g +u’p +v°q € Cla,y, u,v, f, 9,p, qla

where z,y, u, v have degree 1 and f, g, p, g have degree 2.
——

variables
Proposition
The polynomial h has strength 4.
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Strength < 3 is not closed A

Definition
The strength of a polynomial h € Clz,y,u,v, f, g,p, q]q is the
minimum number r > 0 (when this exists) such that

h=g1-hi+...+grh,
with g1, h1, ..., gr, hr homogeneous polynomials of degree < d — 1.
Example
The polynomial

f-g+x-(uh+0v%)

is irreducible and hence has strength 2.

Example
When the g;, h; have degree 1, then

g1-hi+... 49 hy € Clz,y,u,v]o
Hence the variable f has infinite strength.



Strength < 3 is not closed A

Proposition
The polynomial
2 f +y*g +u’p+v?q € Cla,y, u,0, f,9,p, dla
has strength 4.
1/4 of the proof

We need to show, for example, that
?f +yPg+ulp+0viqg# by -hy+lo-ho+ 05 hy
for all EZ S C[$’y7u)v7fag7p7 q]l and hZ S C[$7y7uavafvgap)q]3-
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Strength < 3 is not closed A

Proposition
The polynomial
2 f +y*g +u’p+v?q € Cla,y, u,0, f,9,p, dla
has strength 4.
1/4 of the proof

We need to show, for example, that
?f +yPg+uPp+viqg# Ly -hy+lo-ho+ 0 hy
for all EZ S C['xay)u)v]l and hl S (C[q")y’u7v7f7g7p7 Q]S

Think of R = C[x,y, u,v] as the set of coefficients.
So ¢; € R and h; € R[f,g,p,q|.

The coefficients of f, g,p, q on the right are all in ({1, /2, 03).
The coefficients 22,32, u?, v? on the left are not all ({1, /a,03). [
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Strength < 3 is not closed A

Proposition
The polynomial

2 f + g+ u’p+v*q € Cla,y,u,v, f,9,0,qla
has strength 4.

Theorem (Ballico-B-Oneto-Ventura)

For n > 0, there are polynomials f,g,p,q € Clz1,. .., 2,]2 such
that

22 f +y%g + ulp +v2q € Clz,y,u,v, 21, . . ., Zn)4
has strength 4.
How to bridge the gap?
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Polynomial functors 2N

Definition
The polynomial functor S%: Vec — Vec is the functor
Vo= SYY)
(L:V W) = (SUL): SUV) — W)
Cri1®---®Cxy, — Clzry,...,24)q
(i = 2250i5y;) (T 225¢i595)
Definition
A polynomial transformation
a: S oS8t 5 STe.. @S
is of the form

(fl:"'vfk)'_)(Fl(fla"'7f/€)7"'aFZ(fla"')fk))
Here I € C[Xy, ..., Xi]e, are fixed forms with deg(X;) = d;.
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Polynomial functors 2N

Example

(91, 11, g2, h2, g3, h3) = g1 - hi + g2 - ha + g3 - 3
defines a polynomial transformation

a: (§% @ 540y @ (5% @ §40) @ (9% @ 518y s g4
for all fixed 1 < dy < dy <d3 < 2.
Definition
We define the inverse limit

5S4 .= {degree-d series in x1,xo,...} D 2d +2d + 29+ ...
Proposition (B-Draisma-Eggermont-Snowden)
Let p € S% be a series with projections p,, € C[z1,...,2,]q and
a: P — 8% a polynomial transformation. Then

p € im(as) < pp € im(ay,) for all n

Take p = 22 f + y?g + u?p + v2q for series some f,g,p,q € S%.



Polynomial functors 2N

Definition
Write D¢ C S% for the subspace of finite strength series.
A system of variables consists of a basis of S% /D9 for every d > 1.

Proposition (B-Draisma-Eggermont-Snowden)
Let B: S @ --- @ S%* — S and a: P — S be polynomial
transformations. Let f1 € SY,..., fr € S ,p € Py be a series.

Assume that Boo(f1, ..., f&) = aso(p) and that (f1,..., fx) is part
of a system of variables. Then there exists a polynomial

transformation v: S @ --- @ 5% — P such that = ao1.

Example (which closes the gap)
Take
Bz, y,u,0, f,9,p,9) = 8 f +yg + u’p+ v’q
(g1, h1,92,h2,93,h3) = g1-h1 + g2 - ha+ g3 - h3
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Strength < 3 is not closed A

Proposition
The polynomial

2’ f +y%g +up+viq € Clz,y,u,v, f,9,p, qla
has strength 4.

ﬂ Polynomial functors

Theorem (Ballico-B-Oneto-Ventura)

For n > 0, there are polynomials f,g,p,q € Clz1,. .., 2,]2 such
that

22 f + P9 +ulp+v3q € Cla,y,u,v, 21, . . ., Zna
has strength 4.

Thanks for your attention!
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