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The strength of polynomials 2N

Let f be a homogeneous polynomial of degree d > 2 over C.
Definition
The strength of f is the minimal number str(f) := r > 0 such that
f=g-h1+...+g - h
with g1, h1, ..., gr, hr homogeneous polynomials of degree < d — 1.
First examples
(0) str(f)=0< f=0
(1) str(f) =1< f #0is reducible
(2) str(f) > 2 < f is irreducible
Example
The polynomial
Py + 2= (v +iy) (v —dy)+ 2z
has strength 2. (It would be 3 over R.)
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Why care about strength? /Q

Reason 1 - Data efficiency

A homogeneous polynomial of degree d in n + 1 variables has
n+d
d

A polynomial f of degree 3 in 10° variables has
~ 1.67 - 10"

coefficients.

coefficients.

The number of coefficients in a strength decomposition is
~ str(f) - 5.00 - 101

So saving this uses &~ 33400/ str(f) times less space.
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Why care about strength? /ﬁ

Reason 2 - Universality

Let f € C[x1,...,2n]q be a homogeneous polynomial.

For c11,...,¢nm € C, the polynomial

fleniyr + oo+ CcimYms - s 11 + -+ CumYm) € Clyr, .., Ymla
is a coordinate transformation of f.

Theorem (Kazhdan-Ziegler, B-Draisma-Eggermont)
Let P be a property of degree-d polynomials such that
f has P < every coordinate transformation of f has P
and not every polynomial has P. Then the exists a k > 0 such that
f has P =str(f) <k
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Why care about strength? /ﬁ

Reason 2 - Universality

Let f € C[x1,...,2n]q be a homogeneous polynomial.

For c11,...,¢nm € C, the polynomial

fleniyr + oo+ CcimYms - s 11 + -+ CumYm) € Clyr, .., Ymla
is a coordinate transformation of f.

Example (Kazhdan-Ziegler)
For every £ > 0, there exists a k > 0 such that
all partial derivatives of f have strength < ¢ = str(f) < k

This property satisfies the condition because of the chain rule.
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Why care about strength? /ﬁ

Reason 3 - It is like the rank of matrices
We have a one-to-one correspondence
{AcC™"|A=AT} & Clzy,..., 20

A = (x1,.. 1) A, xn)
(a1,...,an) " (a1,...,an) +— (a121+ ...+ apzy)?
vw' Fwo’ = 24 (21, T) - (T, )W

Write f = (z1,...,2,)A(z1,...,2,) . Then
str(f) <k < fis asum of k reducible polynomials
& Ais a sum of k matrices of rank < 2
& A has rank < 2k
So str(f) = [rk(A)/2].
Example
str(x? +y? + 2%) = [rk(I3)/2] = 2.



Basic properties of strength 2N

How does strength compare to rank of matrices?

We can compute the rank of a matrix.
(determinants of submatrices / column- and rowoperations)
Q: How do you compute the strength of a polynomial?

The limit of a sequence of matrices of rank < k has rank < k.
Q: Is the subset of polynomials of strength < k closed?

An n x m matrix has maximal rank min(n,m).
Q: What is the maximal strength of a polynomial in Clz1, ..., x,]q?

A random n X m matrix has rank min(n,m).
Q: What is the strength of a random polynomial in Clz1,...,zy]4?
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Computing the strength of a polynomial 2N

| don’t know how to do this... Exercise Find an algorithm.

Tricks
@ We have str(f + g) < str(f) + str(g).
® For f € Clzy,...,xy]q, we define the singular locus:

soa(r {2 -~ 2L o}

o = o
When f=g1-h1+...+ g - hg, then
{g1 =h1 =...=gr = hx =0} C Sing(f)
and so codim Sing(f) := n — dim Sing(f) < 2k.
© Every polynomial in C[z, ylg is reducible. Hence
feClx,ylg=str(f) <1
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Computing the strength of a polynomial 2N

Example
Consider f = 2§ + ... +2¢.

n

We have

Fe (¢4 2d) + ...+ (2%, +3%) if n =2k
(af+af)+.. . + (23 +a%) + b, ifn=2k+1

and so str(f) < [n/2].

The singular locus
Sing(f) = {dz{™' = ... =dzd"1 =0} = {(0,...,0)} C C"
has codimenion n. So str(f) > [n/2].

So str(f) = [n/2].
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Strength < 3 is not closed N

Q: Is the subset of polynomials of strength < k closed?

® For k =1, this is the set of reducible polynomials.
P(Clz1, ..., zp]i) X P(Clzy,...,z0]a—) — P(Clz1,...,z0]q)
(lgl;[p]) = [g-A]
has closed image.
® For k=2, | don't know. (Conjecture: yes)
® For d = 2, this is the set of symmetric matrices of rank < 2k.

® For d = 3, this is true. (slice rank of polynomials)

Theorem (Ballico-B-Oneto-Ventura)

The set of polynomials in C[x1,...,x,]s of strength < 3 is not
closed for n > 0.
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Strength < 3 is not closed A

For t # 0 and f, g, p, q of degree 2 and x,y, u, v variables, the
polynomial

L)y (@2 + 1) (0% + 1) — (u? = 1) (0 — tp) — (y — uv) (y + uv))

2 f+y*g +u’p+ v*q + t(fg — pq)
has strength < 3. For t — 0, we get

2’ f +y*g +u’p + vq

Theorem (Ballico-B-Oneto-Ventura)

For n > 0, there are polynomials f,g,p,q € Clz1,. .., 2,]2 such
that

IL'Qf + y2.g + u2p + ,02q S (C[x, y? u7 'U, Zl) ey Z’/L]4
has strength 4.



And now for something completely different

Consider the polynomial
2 f + g+ up+v*q € Cla,y,u,v, f,9,0,qla

where z,y,u, v have degree 1 and f, g, p, g have degree 2.
—
variables

Definition

For d > 2, the strength of a polynomial h € C|x,y,u,v, f,9,D,qlq

is the minimum number 7 > 0 (when this exists) such that

h=g1-hi4+...4+9r hy

with g1, h1, ..., gr, hr homogeneous polynomials of degree < d — 1.

Example

When the g;, h; are homogeneous polynomials of degree < 1, then

g1-h1+...4+ 9 hy € Clz,y,u,v]
Hence the variable f has infinite strength.
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And now for something completely different

Proposition
The polynomial
2 f +y*g +u’p+v?q € Cla,y, u,0, f,9,p, dla
has strength 4.
1/4 of the proof

We need to show, for example, that
?f +yPg+ulp+0viqg# by -hy+lo-ho+ 05 hy
for all EZ S C[x’y7u)v7fag7p7 q]l and hZ S C[$7y7uavafvgap)q]3-
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And now for something completely different

Proposition
The polynomial
2 f +y*g +u’p+v?q € Cla,y, u,0, f,9,p, dla

has strength 4.
1/4 of the proof

We need to show, for example, that
?f +yPg+uPp+viqg# Ly -hy+lo-ho+ 0 hy
for all EZ S C['xay)u)v]l and hl S (C[q")y)u7v7f7g7p7 Q]S

Think of R = C[x,y, u,v] as the set of coefficients.
So ¢; € R and h; € R[f,g,p,q|.

The coefficients of f, g,p, q on the right are all in ({1, /2, 03).
The coefficients 22,32, u?, v? on the left are not all ({1, /a,03). [
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Strength < 3 is not closed A

Theorem (Ballico-B-Oneto-Ventura)

For n > 0, there are polynomials f,g,p,q € Clz1,. .., zy]2 such
that

x2f+y29+u2p+v2q € Clz,y,u,v,21,...,2n)4

has strength 4.

Proposition
The polynomial

2?f +y?g+ u’p+v?q € Clz,y,u, v, f,9,p. qla
has strength 4.

Fact. The proposition implies the theorem.

The proof uses the geometry of polynomial functors.
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Generic and maximal strength 2N

Q: What is the maximal strength of a polynomial in C[x1,...,2,]4?
Q: What is the strength of a random polynomial in Clz1,...,z,]4?
Definition

The slice rank of f is the minimal slrk(f) := r > 0 such that
f=0-hi+...+4 -h,
with £1,...,¢. and hq, ..., h, homogeneous of degrees 1 and d — 1.
Proposition
O str(f) <slk(f) <n-—1
@ slrk(f) = min{codim(U) | U C C", f|y = 0}
® The subset of polynomials of slice rank < k closed.
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Generic and maximal strength 2N

Theorem (Harris)

A generic homogeneous polynomial of degree d in n + 1 variables

has slice rank
rin+1—r)> (d—kn—r)}.
d
Theorem (B-Oneto)

The strength and slice rank of a homogeneous polynomial of
degree d are generically equal for d <7 and d = 9.

min {T‘ c Zz(n+1)/2

Theorem (Ballico-B-Oneto-Ventura)

The strength and slice rank of a homogeneous polynomial of
degree d are generically equal for d > 5.
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Generic and maximal strength 2N

We consider
{g1-h1+ ...+ gr - hy | deg(gi) = a;,deg(h;) = d —a;}
inside C[z1,...,zy]q. We want to know the dimension.

Terracini’'s Lemma

This dimension equals the dimension of (g1, h1,..., 9y, hy)q for
generic generators.

Proposition

This dimension is at most

n+d T (1 =) (1 — e l
< ; )coeffd (Hz—l( (1it))i+1 t )) n < d2/2>

where (/5 := #{i | a; = d/2}. Equality when all a; equal to 1.
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Generic and maximal strength 2N

For fixed d,r, we want F(ay,...,a,) =

1 —t%)(1 —td-a l
ffd( i (1;))5%1 t >> _<d2/2>

to be minimal when all a; equal to 1.

Write c¢(k1, ..., ky) := coeffy(Py, - - - Py, ) > 0 where
Po=1+t+...+¢"
for k€ {0,1,2,...} U{oo}.

Proposition
We have
L Cg(k‘l, ey kn) = Cg(k‘a(l), RN ka(n)) forall o € 5,
=c

L4 Cg(k‘l,...,k‘n,())— g(k‘l,...,k‘)
o co(kykay ... kn) > co(K ko, . ky) forall 0 <K <k<co
L4 Cg+1(k‘1,. cey ) > Cg(k?l, , n) when k1 =
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Generic and maximal strength 2N

Proposition

We have
F(ay,...,a;) — F(a1,...,ar—1,a, — 1) >0

when a, = 0 := max{ay,...,a,} > 2.

Proof.
Write ¢; = #{i | a; = j} and m = n — ¢;. The difference equals

Cd_g_i_l(ooniT, d—20,a1—1,...,a,_1 — 1) —ly_1 — (&9 — 1)m.
We have

Ci—pr1(00™ " d—20,a1 —1,...,a,-1 — 1)

> Cot1 (OOn_T, 061—&-1’ 1r—€1—697 (9 o 1)69—1)

> cg i1 (00, 1071 (9 — 1)~ 1) = coeffpy (P P01 PR Y
= coeff9+1(Pngf”_£"_l(1 — te)&’_l)

= coeffgy (PP 1) — (4y — 1)(m — 1)

> coeffy (PP~ — (6 — 1)(m — 1) O



Strength of polynomials 2N

Q: How do you compute the strength of a polynomial?

Q: Is there an algorithm that computes best low-strength
approximations of a polynomial?

Q: What is the highest possible strength of a limit of strength < k
polynomials?

Thanks for your attention!
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