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Noetherianity up to a group action

A finite-dimensional vector space V over an infinite field K is
Noetherian, i.e. every descending chain X1 Ě X2 Ě X3 Ě . . . of
Zariski-closed subsets of V stabilizes.

The vector space V “ KN is not Noetherian. (Take Xi “ Zpx1, . . . , xiq.)

However, SN acts linearly on KN by permuting entries.

Theorem (Cohen, 1967)
The space KN is SN-Noetherian, i.e. every descending chain

X1 Ě X2 Ě X3 Ě . . .

of SN-stable Zariski-closed subsets of KN stabilizes.
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Noetherianity up to a group action

Definition
A representation V of a group G is called G-Noetherian when every
descending chain X1 Ě X2 Ě X3 Ě . . . of G-stable Zariski-closed
subsets of V stabilizes.

We say that a G-stable Zariski-closed subset X of V is G-Noetherian
when every descending chain starting with X stabilizes.

Examples

‚ Finite-dimension affine varieties with the trivial group action.

‚ KNˆn ‘KmˆN ‘Kk with SN (or with GL).

‚ KNˆN with GLˆGL acting by left and right multiplication.
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Noetherianity up to a group action

Theorem (Draisma, 2017)
Let P : VecÑ Vec be a finite-degree polynomial functor.
Then P is a Noetherian Vec-topological space.

GL1 GL2 GL3 . . . GL

P pKq P pK2q P pK3q . . . lim
ÐÝ

P pKnq

X1 X2 X3 . . . X

Theorem (Eggermont, Snowden, 2017)
Let V be an algebraic representation of G P tGL,Sp,Ou.
Then V ˚ is G-noetherian.
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Locally diagonal groups

Consider
G1 G2 G3 G4 . . .

with Gi P tSLn, Sp2n,Onu.

Definition
Take G,H P tSLn, Sp2n,Onu. A homomorphism ι : GÑ H Ă GLn is
called a diagonal embedding if there is a T P GLn such that

ιpAq “ T Diag
`

A, . . . , A,A´T , . . . , A´T , 1, . . . , 1
˘

T´1

for all A P G. With G Ď GLm, this is equivalent to

Kn – pKmq‘l ‘ ppKmq˚q‘r ‘K‘z

as representations of G.
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Locally diagonal groups

Let

G1 G2 G3 G4 . . . , Gi P tSLn,Sp2n,Onu

be a sequence of diagonal embeddings with limit G.

We get a sequence

g1 g2 g3 g4 . . . , gi P tsln, sp2n, onu

of Lie algebras acted on by conjugation.

Theorem
Let V be the inverse limit of the dualized sequence

g˚1 g˚2 g˚3 g˚4 . . .

and suppose that charpKq ‰ 2 or #ti | Gi P tSLnuu “ 8.
Then the space V is G-Noetherian.
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Limits of special linear groups

Consider SLn1 SLn2 SLn3 SLn4 . . . with maps

A ÞÑ DiagpA, . . . , A,A´T , . . . , A´T , 1, . . . , 1q

The bilinear form glnˆ gln Ñ K, pP,Qq ÞÑ TrpPQq is non-degenerate.
And the map

gln { spanpInq Ñ sl˚n

P mod In ÞÑ pQ ÞÑ TrpPQqq

is an isomorphism. We get an sequence

gln1
{ spanpIn1q gln2

{ spanpIn2q gln3
{ spanpIn3q . . .
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Limits of special linear groups

We get

gln1
{ spanpIn1q gln2

{ spanpIn2q gln3
{ spanpIn3q . . .

with maps

glpl`rqn`z { spanpIpl`rqn`zq Ñ gln { spanpInq
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Preserved algebraic invariants

glpl`rqn`z { spanpIpl`rqn`zq Ñ gln { spanpInq
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‚ If pl, rq “ p1, 0q, then tminλprkp‚ ´ λIqq ď ku is preserved.
‚ If r “ z “ 0 and charpKq | n, then tTrp‚q “ µu is preserved.
‚ If z “ 0 and charpKq “ 2 | n, then tTrp‚q “ µu is preserved.
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Classification of closed G-stable subsets

Theorem
The closed G-stable subsets of V are

‚ H, t0u, V ,

‚ tP P V | minλprkpP ´ λIqq ď ku for k P N, and

‚ tP P V | TrpP q “ µu for µ P K

whenever these sets make sense.

Remark
Here "make sense" means that the maps

glpl`rqn`z { spanpIpl`rqn`zq Ñ gln { spanpInq

preserve the property. We ask that the property holds in every space.
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Classification of closed G-stable subsets

The space of 8ˆ8 matrices KNˆN is the inverse limit of

gl1 gl2 gl3 gl4 . . .

and is acted on by GL by conjugation.

Theorem
The irreducible closed GL-stable subsets of KNˆN are

‚ V ,

‚ tP P KNˆN | rkpP ´ λIq ď ku for λ P K and k P N, and

‚ tP P KNˆN | minλprkpP ´ λIqq ď ku for k P N.

In particular, KNˆN is GL-Noetherian.
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Proof

Let X Ĺ KNˆN be a closed GL-stable subset. Let Xn be the closure of
its projection onto Knˆn.

Claim: X Ď tP P KNˆN | minλprkpP ´ λIqq ď ku for some k P Zě0.

Pick an n P N such that Xn ‰ Knˆn and let fpP q P IpXnq be non-zero
and of degree d. Consider f as a function on bigger matrices. We have

¨

˝

In λIn
In

I‚

˛

‚

¨

˝

P Q ‚

R S ‚

‚ ‚ ‚

˛

‚

¨

˝

In λIn
In

I‚

˛

‚

´1

“

¨

˝

P ` λR ‚ ‚

‚ ‚ ‚
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˛

‚

for λ P K.
ñ spantfpP ` λRq | λ P Ku Ď spantorbit of fpP qu Ď IpX2n`mq
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Proof

spantfpP ` λRq | λ P Ku Ď spantorbit of fpP qu Ď IpX2n`mq

The degree of f is d. Let fd be the homogenous part of f of degree d.

ñ fpP ` λRq “ p. . . q ` λp. . . q ` ¨ ¨ ¨ ` λd´1p. . . q ` λdfdpRq

The field K is infinite.
ñ the coefficients of λi are contained in spantfpP ` λRq | λ P Ku.

‚ fdpRq is a non-zero polynomial in the ideal of X2n`m of degree at
most d only dependent on R.
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Thank you for your attention!
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